
VOL. 18, NO. 5 J. SPACECRAFT SEPT.-OCT. 1981

AIAA 80-1559R

Predicted Vortex Shedding from Noncircular Bodies
in Supersonic Flow
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A method to predict nose vortex shedding from circular and noncircular slender bodies in supersonic flow at
angles of attack and roll is presented. The body is represented by a supersonic panel method, and the lee side
vortex wake is modeled by discrete vortices in cross-flow planes. The three-dimensional steady flow problem is
reduced to a two-dimensional, unsteady, separated flow problem for solution. Comparison of measured and
predicted surface pressure distributions, flowfield surveys, and aerodynamic characteristics are presented for
circular and elliptic bodies. Good agreement between experiment and theory for a range of flow conditions
indicate that the principal features of the flow phenomena are modeled correctly.

Nomenclature
a = semimajor axis of elliptic cross section
A /,B{ = coefficients of conformal transformation
b = semiminor axis of elliptic cross section
cn = normal force coefficient per unit length
Cm = pitching moment coefficient
Cp — pressure coefficient
Cp = incompressible pressure coefficient
CN = normal force coefficient
D = diameter of circular body, or equivalent diameter of

noncircular body
/ref = reference length, base diameter
L — total number of Fourier coefficients used to describe

transformation, also model length
A/^ = freestream Mach number
p = local static pressure
/?„ = freestream static pressure
<?«, = freestream dynamic pressure, lAp V2^
r0 = radius of circle
Re = freestream unit Reynolds number
S = reference area, nD2 /4
t = time
ur = axial perturbation velocity
ue = surface velocity in cross-flow plane
U = local velocity
v, w = velocity components in real plane
v' = velocity induced by a point vortex
Vw = freestream velocity
W = complex potential
x,y,z =body coordinate system with origin at the nose: x

positive aft along the model axis, y positive to
starboard, and z positive up

xm = axial location of center of moments
a = angle of attack
ac = angle between freestream velocity vector and body

axis
0 = angle of sideslip, also polar angle in a-plane
7 = ratio of specific heats
r = vortex stre'ngth
6 = vortex reduction factor
A/1 = time increment
Ax = axial length increment
6 = polar angle in *>-plane
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v = complex coordinate in real plane
p = freestream density
a = complex coordinate in real plane
T,\ = lateral and vertical coordinates in circle plane
</> = roll angle
$ = velocity potential in real plane
\l/ = stream function in real plane
Subscripts

( ) = conjugate of complex quantity
e = boundary layer edge condition
m = vortex m

Introduction

THERE has been an increasing interest in missile ap-
plications requiring high aerodynamic performance and

low radar cross section. These requirements can involve
noncircular body shapes in supersonic flow at high angles of
attack and nonzero roll angles. The angle of attack range may
be sufficiently high to cause formation of body separation
vortices. The vortex shedding characteristics are directly
influenced by the body cross-sectional shape and the flow
conditions; therefore, it is desirable to model the body vortex
wake by means of a rational method capable of handling a
variety of body shapes over a wide range of flow conditions.

The phenomena of interest are the sheets of vorticity
formed on the lee side of a body at a high angle of attack. The
vorticity is formed by boundary-layer fluid leaving the body
surface from separation points on both sides of the body (Fig.
1) and rolling up into a symmetrical vortex pair. A method to
predict these flow phenomena in the vicinity of circular and
noncircular bodies in subsonic flow is described in Ref. 1.

The purpose of this paper is to describe an engineering
method developed to predict the aerodynamic characteristics
and associated flowfields of noncircular noses at high angles
of attack in supersonic flow. The objectives of the method are
to use a three-dimensional, attached flow, supersonic panel
method to represent the body and a two-dimensional, in-
compressible, separated flow model to calculate the vortex
shedding from the body alone at angle of attack and angle of
roll. The predicted pressure distribution on the body under the
influence of the freestream and the separation vortex wake
will be used to calculate the aerodynamic loads on the body.

The following sections of this paper include a discussion of
the approach to the problem and a description of the analysis
and flow models required to carry out the calculation. The
prediction method is evaluated through comparison of
measured and predicted results on a variety of body shapes,
including circular and elliptical cross sections.
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SEPARATION LINE

-FEEDING SHEET

Fig. 1 Lee side vortex formation on an inclined body.

General Approach
Bodies at high angles of attack exhibit distributed vorticity

fields on their lee side due to boundary-layer fluid leaving the
body surface at separation lines. One approach to model these
distributed vorticity fields has involved the use of clouds of
discrete potential vortices. Underlying the basic approach is
the analogy between two-dimensional unsteady flow past a
body and the steady three-dimensional flow past an inclined
body. In fact, the three-dimensional steady flow problem is
reduced to the two-dimensional, unsteady, separated flow
problem for solution. The details of the application of this
approach to prediction of subsonic flow about circular and
noncircular slender bodies are presented in Ref. 1. Other
investigators have also used this approach to successfully
model the subsonic flow phenomena in the vicinity of circular
cross-sectional bodies.2'3 The purpose of the work reported
herein is to extend the previous subsonic analysis of Ref. 1 to
supersonic flow.

The calculation procedure is carried out in the following
manner. The body is represented by supersonic source panels,
and the strength of the individual sources is determined to
satisfy a flow tangency condition on the body in a non-
separated uniform flow at angle of attack and roll. Starting at
a cross-flow plane near the body nose, the pressure
distribution on the body is computed using the full Bernoulli
equation. The boundary layer in the cross-flow plane is
examined for separation using the modified versions of
Stratford's separation criteria. The Stratford's separation
criteria are based on two-dimensional incompressible flow. At
the predicted separation points, incompressible vortices with
their strength determined by the vorticity transport in the
boundary layer are shed into the flowfield. The trajectories of
these free vortices between this cross-flow plane and the next
plane downstream are calculated by integration of the
equations of motion of each vortex, including the influence of
the freestream, the body, and other vortices. At the next
downstream cross-flow plane, new vortices are shed, adding
to the vortex cloud representing the wake on the lee side of the
body. This procedure is carried out in a stepwise fashion over
the entire length of the body.

Methods of Analysis
The development of an engineering method to predict the

pressure distributions on arbitrary missile bodies in super-
sonic flow at high angles of incidence requires the joining of
several individual prediction methods. In this section, the
individual methods are described briefly, and the section
concludes with a description of the complete calculation
procedure.

Noncircular Bodies
The cross-flow plane approach applied to arbitrary missile

bodies results in a noncircular cross-sectional shape in the
presence of a uniform cross-flow velocity and free vortices in
each plane normal to the body axis. The procedure to handle
the noncircular shapes is to find a conformal transformation

a = y + iz v = x + i A

REAL PLANE CIRCLE PLANE
Fig. 2 Body cross-sectional nomenclature.

to map every point on or outside arbitrary body to a
corresponding point on or outside a circular body. The two-
dimensional potential flow solution around a circular shape in
the presence of a uniform flow and external vortices is well
known and has been documented numerous places in the
literature.2'4 Thus, the procedure is to obtain the potential
solution for the circular body and transform it to the non-
circular body.

For very simple shapes like an ellipse (Fig. 2), the trans-
formation to the circle can be carried out analytically.5 For
example,

a=v+ •a
2-b2

4v
where

in the real plane and

in the circle plane. The derivative of the transformation is

a2-b2da = /a2-b2\
d ^ ~ \ 4v2 /

(1)

(2)

(3)

(4)

which is required for the velocity transformation discussed
later.

For complex noncircular shapes, the transformation cannot
be carried out analytically and a numerical transformation is
required. The numerical procedure chosen is a form of
Theodorsen's transformation given by the relation

da— =exp (5)

The coefficients, At and Bl are obtained from a numerical
Fourier analysis procedure. Given the appropriate coefficients
in Eq. (5), the mapping of known points in one plane to
corresponding points in the second plane is carried out
numerically as described in Appendix C of Ref. 6. The
numerical mapping procedure is applicable to very general
shapes given the coefficients of the transformation.

Body Panel Model
The configurations considered in this study are bodies

alone, without fins or control surfaces. The body geometry is
described by the coordinates of the cross-sectional shape at a
number of axial stations, and linear interpolation between
specific points is used. The body is represented by a three-
dimensional lattice of supersonic source panels distributed on
the surface of the body. The panels account simultaneously
for volume and angle of incidence effects. The potential flow
solution for a panel inclined to the flow direction is based on
supersonic linear theory as described in Ref. 7 and the method
used is a modified version of the program code presented in
Ref. 8. In this approach, disturbances propagate along Mach
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lines from points of origin on the body. The program was
modified to account for combined angles of pitch and yaw,
and specific modifications are described in detail in Ref. 9.
The pitch and yaw angles are related to the included angle of
attack and angle of roll by the expressions

sina = sinaccos</>

sin/3 = sino:csin</>

(6)

(7)

The flow tangency condition is applied at the control points
of the body panels. Control points are located at the panel
centroid. The result is a set of linear simultaneous equations
in terms of unknown source panel strengths. Solution by an
iterative approach produces the singularity strength on each
panel and, thus, provides a means to calculate the velocity
field induced by the body. The nature of the solution is such
that the velocity on the body surface is correct only at the
control points; therefore, linear interpolation is used to
determine body surface velocity components at points lying
between control points for use in pressure calculations.

There is a basic limitation in the use of the above panel
method. The angle of inclination between a body source panel
and the body centerline is limited to the semiapex angle of the
Mach cone associated with the freestream Mach number.
Thus, there is a limit to the body nose configurations which
can be modeled by the body source panel method.

It should be noted here that the choice of the supersonic
panel method to represent the body was dictated by the
noncircular body requirement. Panel methods require large
numbers of panels to obtain adequate detail in the flowfield,
and as a consequence they contribute a large amount to the
computational expense. If the bodies of interest were always
circular in cross section, a better choice for the body model is
the line singularity method described in Ref. 9.

Vortex Shedding Model
The vortex shedding model described in this section is

nearly the same as the subsonic model presented in Ref. 1;
therefore, the following description will be brief, and only the
differences between the two models will be discussed in detail.

Equations of Motion
The equations of motion of a shed nose vortex in the

presence of other free vortices in the vicinity of a body in a
uniform stream follow. In the circle (v) plane, the position of
a vortex, Tm, is

and the image of Tm is located at

m-r

In the real plane, the position of the vortex Tm is

The complex potential in the real plane is

and the corresponding velocity at Fm is

dvda da

(8)

(9)

(10)

(11)

(12)

The complex potential of Tm is not included in Eq. (12) to
avoid the singularity at that point. The derivative of the
transformation is obtained from Eqs. (4) and (5).

The total velocity at Fm in the cross-flow plane is written as

(13)

where each term represents a specific velocity component in
the d-plane. The first term represents the uniform flow due to
angle of attack.

(14)

The second term represents the uniform flow due to angle of
yaw.

(15)

The next term represents the influence of all vortices and their
images, with the exception of Tm .

F r.y* rw r
" ^2^^ \-

G
" (vm/r0)-(r0/vn)

dv
"7 d(T

The next term is due to the image of Tm .

' /G=i- "1
2rr0K. L (vm/r0) -(r0/vm) Jda

(16)

(17)

The fifth term in Eq. (13) represents the potential of Tm in
the cr-plane and is written as

(18)da /0=

The last term in Eq. (13) represents the velocity components
induced by the portion of the body panel singularities
representing the body volume effects.

vr-iwr (19)

Since the body panel singularities are three dimensional, they
contribute an induced axial velocity, ur.

The differential equations of motion for Tm are

dx

where

(20)

(21)

Therefore, the two equations which must be integrated along
the body length to determine the trajectory of Fm are

and

dx

dx

(22)

(23)

There are a pair of equations like Eqs. (22) and (23) for each
vortex in the field. As new vortices are shed, the total number
of equations to solve increases by two for each added vortex.
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These differential equations are solved numerically using a
method which automatically adjusts the step size to provide
the specified accuracy.

Surface Pressure Distribution
The surface pressure distribution on the body is required to

calculate the forces on the body and the separation points.
The surface pressure coefficient is determined from the
Bernoulli equation in the form

1+ 7-7

where

and

vi

(24)

(25)

(26)

The initial position of the shed vortex is determined such
that the surface velocity at the separation point is exactly
canceled by the shed vortex and its image. When this criterion
results in a vortex initial position that is too near to the body
surface, certain numerical problems cause difficulty in
calculating the trajectory of this vortex. If this occurs, the
vortex is arbitrarily placed at a point outside the boundary
layer which is approximately 5% of the equivalent radius of
the body.

Forces and Moments
The forces and moments on the body are computed by

integration of the pressure distribution around the body. At a
specified station on the body, the normal force coefficient on
a Ax length of the body is

(28)

(29)

The total normal force coefficient on the body is

NN _D ?L

Qt^S S JO

In Eq. (26), Uis the total velocity (including Vw) at a point
on the body. It consists of many of the components described
in the previous section. The body-induced velocity com-
ponents from Eq. (19) include the total effect of the panel
solution at angle of attack and roll. As a consequence of using
the full panel solution in this component, the two-dimensional
doublet part of Eqs. (14) and (15) are not required. The vortex
wake contribution is included through Eqs. (16) and (17). The
last term in Eq. (26) represents the axial velocity induced by
the two-dimensional singularities in the flow model. In this
case, the shed vortices are the only singularities contributing
to this term. Details of the calculation of this unsteady two-
dimensional term are in Ref. 6.

Separated Wake
The separated wake on the lee side of the body is made up

of a large number of discrete vortices, one shed from the
separation points on either side of the body at each time step.
The mechanics of the calculation of the individual vortices
follow.

As described in Ref. 1, the pressure distribution in the
cross-flow plane is referenced to the conditions at the
minimum pressure point, and a virtual origin for the
beginning of the boundary layer is assumed. The adverse
pressure distribution downstream of'the minimum pressure
point is considered with either Stratford's laminar or tur-
bulent separation criterion to determine whether or not
separation has occurred. These criteria, based on two-
dimensional, incompressible flat plate data, are adjusted for
three-dimensional cross-flow effects in Ref. 1. Based on the
compressibility limitations of the separation criteria, it is
recommended that the cross-flow Mach number not exceed
unity.

If the criteria indicate a separation point, the vorticity flux
across the boundary layer at separation is shed into a single
point vortex whose strength is

(27)
cosac

assuming no slip at the wall. The empirical vortex strength
reduction factor, 6, is widely used for subsonic flow to
provide better agreement between measured and predicted
vorticity in the wake. The factor is typically in the range of
0.6<6< 1.0 for subsonic flow.2 The indication in supersonic
flow is that 6 = 1.0; therefore, in the present investigation, the
vortex reduction factor is fixed at 1.0 unless otherwise noted.
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x/D
Fig. 3 Measured and predicted pressure distribution on an ogive
cylinder, a = 0 deg.

-0.4
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B. DEGREES
-(B) x/D =2.8

Fig. 4 Measured and predicted pressure distribution on an ogive
cylinder, a = 20 deg.
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Fig. 5 Predicted vortex wake on the lee side of an ogive cylinder.
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Fig. 6 Measured and predicted body vortex strength on the lee side
of an ogive cylinder.

and the pitching moment coefficient is

c =
Similar expressions can be written for the side force, and
yawing moment coefficients.

Results
For purposes of evaluating the accuracy and range of

applicability of the engineering prediction method described
above, comparisons of measured and predicted aerodynamic

Moo = 2.0

0.2j

0

-0.2

0.2

0

-0.2

x/D = 7

O EXPERIMENT
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___i____i____i____i

(A) x/D = 7

x/D = 10

O EXPERIMENT
——THEORY

0.2

x/D = 13

O EXPERIMENT
——THEORY

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
z
D

(c) x/D = 13
Fig. 7 Measured and predicted downwash distribution on the lee side
of an ogive cylinder at x/D = 7,10, and 13 deg.

characteristics of various configurations have been made. The
objective of the method is to predict the characteristics for
noncircular cross-sectional bodies, but most data available are
for bodies of revolution. Circular cross-sectional bodies will
be used to illustrate certain features of the prediction method.
Some limited data on an elliptic cross section are available and
these results are shown also. Typical results from the
prediction method are presented in the following sections.
Approximate execution time on a CDC-CYBER 175 is noted
for several cases.

Circular Bodies
The prediction method was applied to an inclined ogive-

cylinder model10 in supersonic flow at high angles of attack to
evaluate the ability of the prediction method to calculate
pressure distributions. The configuration has a circular cross
section and a three caliber ogive nose followed by a three and
one-half caliber cylindrical afterbody. Circumferential
pressure distributions at a large number of axial stations are
available for a range of angles of attack and supersonic Mach
numbers. The results to follow are all at M00 = 1.6 and a
freestream Reynolds number, based on diameter, of
0.5X106 .

The model was represented by 13 rings of 14 equally spaced
circumferential panels for the calculation at a = 0 deg
(run time«10 s). The measured and predicted pressure
distributions are compared in Fig. 3 where the multiple data
symbols at each axial station represent the range of scatter in
the data. The purpose of this comparison is to verify the
paneling method and the pressure calculation technique under
conditions in which there are neither cross-flow nor
separation effects. The agreement is very good except in the
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Fig. 8 Measured and predicted downwash distribution on the lee side
of an ogive cylinder at x/D = 10 deg.
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SIDE VIEW

Fig. 9 The 2:1 elliptic cross-sectional body.

region very near the nose. It is possible that a finer grid of
panels in this region would improve these results; however,
for purposes of this investigation, a small error in the pressure
very near the nose will have very little effect on the vortex
shedding from the remainder of the body.

The prediction method was next applied to the same model
at a = 20-deg angle of attack (run time «100 s). At this angle
of incidence, the separation vortex wake on the lee side of the
body is well developed. Measured and predicted pressure
distributions at two axial stations on the nose are compared in
Fig. 4. The agreement between experiment and theory at
x/£>«0.7, Fig. 4a, is very good except on the windward side
of the body upstream of the minimum pressure point. Similar
results are illustrated in Fig. 4b for a station near the end of
the nose. The predicted minimum pressure point is upstream
of the measured value, but the general trend of the predicted
pressure distribution is correct. The irregular behavior of the
predicted curve near 0=140 deg is caused by local in-
terference of the lee side separation vortices.

The prediction method was next applied to an ogive-
cylinder model for which detailed lee side flowfield
measurements are available.n This model is an ogive-cylinder
with a two caliber nose and a thirteen caliber cylindrical
afterbody. The tests were conducted an Mach numbers of 2
and 3 at a freestream Reynolds number, based on diameter, of
approximately 2x 106. The data consists of lee side velocity
components and separation vortex strengths and positions.
Neither pressure nor force and moment data are available
from these tests.

The model was represented by 15 rings of 14 equally spaced
circumferential panels. The predicted vortex cloud pattern at
x/D= 10 is shown in Fig. 5 for M^ =2 and a- 15 deg (run
time «80 s). The vortex shedding is symmetric on both sides
of the body. Also shown in this figure are the separation

(D) 0 = 67.5°

(E) 0 = go0

Fig. 10 Predicted vortex wake on an elliptic cross-sectional body at
x/D = 3.5, Mw = 1.5, ctc = 15 deg.

points located at approximately 93 deg measured from the
windward stagnation point. The measured and predicted
vortex strength and centroid of vorticity are shown to be in
good agreement in this figure. The predicted vortex wake is
approximately 1% stronger than the measured value, and the
centroid of the predicted vortex cloud is slightly lower and
more inboard than the measured results.

Measured and predicted body vortex strength on the ogive
cylinder at Mach numbers 2 and 3 and angles of attack 10 and
15 deg are compared in Fig. 6. At M00=3, the predicted
results are lower than those measured at both angles of attack.
The slopes of the predicted curves are in good agreement with
the experimental results, an indication that the predicted
shedding rate and strengths of the shed vortices are correct.
The difference in magnitude between the measured and
predicted vortex strength in Fig. 6 is attributable to the
location of the onset of separation. If separation is predicted
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Fig. 11 Predicted body vortex strength on an elliptic cross-sectional
body.

to start further aft on the body than the actual start of
separation, the predicted vortex strength will be less than that
measured. The maximum error in vortex strength exhibited in
Fig. 6 represents an error in the predicted axial position of
onset of separation of less than one body radius.

Measured and predicted downwash velocity fields in the
plane of symmetry of the model are shown in Fig. 7 for three
axial stations. The results are generally in good agreement,
and the predicted velocity distribution exhibits the correct
trend in every case. The measured and predicted downwash
velocities along a horizontal line through the center of the
vortex wake are shown in Fig. 8. These results are also in good
agreement.

Elliptic Bodies
The prediction method has been applied to the elliptic cross-

sectional body shown in Fig. 9. The major axis of the cross
section is specified by an ogive distribution on the nose, and
the cross section is a 2:1 ellipse over the entire body length.
The equivalent base diameter of this body is 1.125 in. Cir-
cumferential pressure measurements at numerous axial
stations are available at Mw = 1.5 and a range of angles of
incidence and angles of roll. The tests were conducted at a
freestream Reynolds number, based on the equivalent
diameter, of approximately 0.3 x 106.

The predicted vortex cloud patterns on the elliptic body at
approximately 3.5 equivalent base diameters from the nose
(x = 4 in.) are shown in Fig. 10. The conditions represented in
this figure are M00 = 1.5, ac = 15 deg, and a range of roll
angles from 0 to 90 deg. At 0 = 0 deg, the separated wake is
symmetric about the plane of symmetry, but as the body rolls,
asymmetry in the wake begins to develop because of the
different curvatures of the body to the right and left sides of
the stagnation point (shown as a dot on the body in Fig. 10).
The right and left separation points are denoted as S in this
figure. Notice that the right side separation point remains

-0.2 ~

100 120 WO 160 180
ft DEGREES

(B) x/D = 2,1
Fig. 12 Measured and predicted pressure distribution on an elliptic
cross-sectional body, ac = 15 deg, 0 = 0 deg.

"O EXPERIMENT
——THEORY

(J 40 30 120 160 200 240 230 320 360
ft DEGREES

(B) x/D - 2.1
Fig. 13 Measured and predicted pressure distribution on an elliptic
cross-sectional body, ac = 15 deg, 0 = 22.5 deg.

near /3 = 90 deg until a roll angle of greater than 45 deg, then it
moves rapidly to approximately 0= 170 deg at 0 = 67.5 deg.
The left side separation point has a much smaller range of
motion as the roll angle increases. At a roll angle of 90 deg,
the flow is again symmetric.

The effect of roll angle on the strength of the right (T+ )
and left ( T _ ) side separation vortices is shown in Fig. 11.
Comparison of corresponding curves in the top and bottom
portions of this figure serves to illustrate the different growth
patterns of the right and left vortices. Note that at 0 = 45 deg,
separation begins closer to the nose on the left side of the body
than on the right side, and the left vortex grows in strength
more rapidly initially than does the right.
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-0.2

~0< 120 160' 200 240 230 ~~320 560
& DEGREES

(B) x/D^ 2.1
Fig. 14 Measured and predicted pressure distribution on an elliptic
cross-sectional body, ac = 15 deg, ̂  = 45 deg.

Measured and predicted pressure distributions on the
elliptic cross-sectional body at M00 = 1.5, ac = \5 deg, and
0 = 0 deg are compared in Fig. 12 at two axial stations on the
nose (run time «70 s). The agreement between experiment
and theory is better away from the nose. The sparse nature of
the measurements make it difficult to fully evaluate the
prediction method other than to observe that the basic trends
of the pressure distribution are predicted. At xAD«2.1, the
separation vorticity has grown in strength and scope, and the
major region of vortex wake influence covers the region
between 0 = 90 and 130 deg.

The predicted pressure distributions on the same body at
roll angles of 22.5 and 45 deg are shown in Figs. 13 and 14,
respectively (run time «200 s). The predicted results are
generally in good agreement with experiment, and the correct
trends of the data are modeled by the theory in each case. The
local irregularities in the predicted curves are due to the in-
fluences of the separation vortices.

Conclusions
An engineering method to predict the vortex shedding from

circular and noncircular slender bodies in supersonic flow at
angles of attack and roll is described. The coupling of a
supersonic panel method and a two-dimensional cross-flow
method has proved to be a successful means to predict the
general flow characteristics about slender, circular, and
noncircular bodies at large angles of incidence. Comparisons
of measured and predicted pressure distributions and
associated flowfields on a variety of bodies indicate that the
principal features of the flow phenomena are modeled. The

predicted vorticity distributions in the wake of a body of
revolution in supersonic flow are in good agreement with
experiment. This also results in good agreement between
measured and predicted velocity components in the flowfield
of the body. The ability to predict the vortex wake-induced
velocities with some accuracy provides an important
capability. The ability to model the correct flowfield near the
body leads to the calculation of wake-induced interference
effects on fins and other control surfaces as well as surface
pressure distributions. The vortex shedding analysis described
herein can be incorporated into an overall computation
method for missiles and aircraft. Preliminary work in this
area is reported in Ref. 13.
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